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A method is desc r ibed  for  approximation of the equation of state p = p(p, T) in the form of 
a double polynomial by the method of leas t  squares .  

We understand a re la t ionship  between th ree  thermodynamic  quanti t ies,  p = p(p, T),  say,  to be the 
equation of state of a homogeneous substance.  Two methods exis t  for  set t ing up this re la t ionship.  

1. A theore t ica l  method permi t t ing  a deduction to be made about the behavior  of the substance on the 
basis  of the behavior  of the separa te  a toms or  molecules  by using s ta t i s t ica l  mechanics .  

2. An empir ica l  method permi t t ing  a mathemat ica l  re la t ionship  to be obtained by using thermodynamic  
experf lnental  r e su l t s .  

We obtain m o r e  exact  r e su l t s  by using the second method in the p resence  of appropr ia te  the rmody-  
namic data. 

t t  has been es tabl ished by a careful  analysis  of available mathemat ica l  fo rms  of the equations that 

the form 

Imax Jrnax (i) 

P = z = l + p  ~ ali 7~ r (P-- pc)~-I' (la) 
pRT 

~=1 ]=1 

is mos t  suitable for  the solution of the  problem on an e lec t ronic  digital compute r ,  where  ~ij a re  coef f i -  
c ients .  The subscr ip t  c denotes  the c r i t i ca l  state.  

The dimensionless  fo rm is 

/max Jmax (i) 

~ _ ~ . l - ~ - t o ~ E ~ i i " ~ i - l ~ i - 1 ,  (lb) 
od~ 

i~ l  i = l  

where  fl = P / P c ;  r = P / P c ;  ~ = T / T o ;  I = RTcPc/Pc;  r = 1 - 1 / ~  ; ~ = ~ - 1 .  

This  form of the equation is  none other  than a modificat ion of the v i r ia l  form with a finite number  of 

t e rm s  

z = 1 + B (7") p -[- C (T) p2 - k " . ,  (2) 

where  B(T),  C ( T ) . . .  a r e  v i r ia l  coeff ic ients .  

Stein [1] used the fo rm (lb) in 1965. However ,  he did not succeed  in extending the r e su l t  to the liquid 
phase domain.  Moreove r ,  the Maxwell c r i t e r i o n  was not sat isf ied.  

Introduction of the var iab les  ~ and T faci l i ta tes  compliance with the c r i t i ca l  conditions since they be -  
come ze ro  at  the c r i t i ca l  point and the majo r i ty  of t e r m s  of the function hence drop out. 
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The s tandard  c r i t i ca l  conditions a r e  the following: 

o,o L=, =~ 
/ 

([~)~=t = 1; = ae, 

where  fls is the sa tura t ion  p r e s s u r e .  Application of these  conditions to (lb) p e rm i t s  de te rmina t ion  of the 
following coefficients  

%,1 = (1 - -  I)/I; %,1 = (I - -  2)/I; %,~ = (3 - -  I)/I', %,2 = (ac--  1)/I. 

By using known thermodynamic  laws an equation of s tate  for  all the o ther  s ta te  p a r a m e t e r s  can be 
der ived  f rom the de te rmined  equation of s ta te ,  /3 = /3 (w, 0) ,  say.  If some equation exis ts  in an app ro -  
pr ia te  potential  fo rm,  then all the subsequent  s tate  p a r a m e t e r s  can be calculated t h e r e f r o m  by ord inary  
different ia t ion.  Hence,  it is r ecommended  to reduce  the initial equation to an appropr ia te  potential  fo rm,  
cal led the canonical  equation. The Helmholtz potential  form (the specif ic  f ree  energy)  f is applicable for  
the independent va r iab les  v and T. This  potential  is obtained f rom the equation /3 = /3(w, 0) by means  of 
the following t rans format ion :  

(o~(o 

cP--fPc/Pc= ; ~ (cO' 1}------~) d t O m  e ~Pli~tm((~)-:-lt~ [ Irl IpcOc~ arm [Irl ~176176 1 ' (3) 

where  ~i~tm(o) is the d imens ionless  form of the Helmholtz potential  in the ideal gas s tate  at  a 1 arm p r e s -  
sure ,  and this potential  is a pure function of the t empera tu re  and should be known. Application of the 
t r ans fo rma t ion  (3) for  equation (lb) leads to the express ion  

/max Jmax (i) 

g~ =~id t~)q-l~ l a t m  ,,2..J / i [ g ' - - ( - - 1 ) ; l + I n  ~ .  �9 (4) 
i=1 ]=1  

Hence,  all  the state p a r a m e t e r s  a re  eas i ly  computed by means  of appropr ia te  different iat ion:  

the p r e s s u r e  p (equation (5) co r r e sponds  to (lb)): 

lmax  Jmax(i) 

the specif ic  ent ropy s: 

:,~ [~--  (1)~'1 ! - In 

the specif ic  enthalpy h: 

~J--'--P/Pc=~"(&P]\OoJ ,~ = r [ s (Za,.iTi-J)~z-xq-1/~], 

= speTc/Pc ( Ocp" = -  74), ,  

IpcO~ ] - -  lO [- -~  

/=1 ]=1 

the i sochor ic  specif ic  heat  Cv: 

(p id I aifri-1 - -  

O ~  . . i 

~ [ Z % J ( ] - -  I)Ti-~] 1 - - [ ~ t - ( -  + ~ - - ] '  

i ] 

= hPe/P c = r --i- ~/co -- ~}~, 

(5) 

(6) 

(7) 

= - - ~  via I ch j (]~  1) (] __ 2),rj-a __[~i __(__ 1)~1 , (8) 
O~ 2 - -  ~ i 

i i 

the Gibbs potential  (the specif ic  f ree  enthalpy) g: 

gPciPc = (P -I- ~/(o. (9) 
Let  us p resen t  a b r i e f  descr ip t ion  of the approximat ion method to de te rmine  the coeff ic ients  ~ij- 

It is a quest ion of the general  problem of mathemat ica l ly  de termining  a sur face  F = F(x, y) in space,  
which is given by a se t  of exper imenta l  points x 1 , 3'1, ft and the weight w I. The sur face  should be d e t e r -  
mined by the sum: 
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/ m a x  d m a x  (i) 

F(x, v) = ~: ~ ~jq .  (., y). (10) 
i=l I drni(0 

The fo rms  of the functions qii should be given for  each i and j. The coeff ic ients  ~i~ a r e  de te rmined  
J 

by l eas t  squares  

L 2 

s = X w, [X X a,.iq,j(Xz, ..z/,)---I,] =MINL (11) 
/ = I  i ] 

where  L is the number  of exper imenta l  points.  On the basis  of the usual conditions for  de termining the 
minimum f rom (11) by part ial  d i f ferent ia t ion with r e s p e c t  to each coefficient  ~ij ,  whose subscr ip t  is de -  
noted for  dist inction by #v ,  and equating this re la t ionship to ze ro ,  we obtain 

L 

l=1 " " 

We obtain such an express ion  for each coeff icient  a~v .  By commutat ing the summation signs,  (12) 
can be wri t ten  as  

L L 

F or  convenience in the exposit ion,  we rep lace  the subscr ip ts  ij by k and ~zv by x ,  a f te r  which we ob-  
tain f rom (13) 

K m a x  L L 

k=,X % [ v~l= wlq, (x,, y,)qh (x,, y,) ] = ,=IX wzq,, (x,, y,)f,, (14) 

where  Kmax is the total number  of coeff ic ients .  The subscr ip t  x also va r i e s  between 1 and Kmax,  that S O  

all  the equations (14) can be wr i t t en  as one ma t r i x  equation. Using the notation 

L L 

Ax,~ = X w,q~. Or v y,) qh (xv Yl); B~ = ~ w,qy. (x,, y,) [,, (15) 
I=1 l=1 

we obtain 

A1,1 

A3,1 

Ax, 2 A I ,  a .  �9 . A i , K r n a x  

AKmax,' AKmax Kma x 

Ii 1 
(ZKma x 

B 1 

BKmax 

(16) 

The m a t r i x  []A [[ is s y m m e t r i c .  

Such a l inear  sys tem of equations can be solved by the usual methods.  We used the Gauss method 

with a subsequent co r rec t ion .  

The approximat ion method descr ibed  pe rmi t s  s imultaneous approximation of d iverse  data,  i .e . ,  d i s -  
t inct  sur faces  Fl(x,  y), F2(x, Y) . . . .  in the space,  which a re  in te r re la ted  by mathemat ica l  re la t ionships  
( thermodynamic ru les) .  An appropr ia te  m a t r i x  equation is der ived  for  each kind of data by adding the in -  
dividual m a t r i c e s  while taking account of the es t imat ion fac to r s ,  and then the sys tem of equations obtained 
as  a r e su l t  of the addition is solved. Hust  and McOarty  [2], as well as Vukalovich, et al.  [3] indicated the 
possibi l i ty  of a simultaneous approximat ion of d iverse  data by the addition of the m a t r i x  equations.  The 
fundamental advantages of this method ove r  the usual approximation used up to now for  data of one species  
(as a ru le ,  approximations of the p - v - T  values) a r e  the possibi l i ty  of p roces s ing  a l a rge  number  of data,  
and t he re fo re ,  a l a rge  quantity of information;  be t t e r  co r re l a t ion  of the data; the possibi l i ty  of der iving an 
equation of s ta te  for  substances  about which there  a re  d iverse  data,  but in a smal l  quantity; improvement  
of the accu racy  of the computed values  because of s t r i c t  conservat ion  of the thermodynamic  consis tency 
in der iving the equation of s ta te ;  improvement  of the extrapolat ion in the equation of s ta te ;  the possibi l i ty  
of approximate  compliance with the singular  conditions (the Maxwell c r i t e r ion ,  for  example) .  
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The first  attempts at taking account of diverse initial data in deriving the equation of state were 
made by Keyes, et al. [4] and Bender [5]. In the f irst  case, values of the isobaric specific heat in an ideal 
gaseous state ep0 and the saturation enthalpies h' and h" were approximated in addition to the p - v - T  values 
in their equations, and the condition g'(T) = g"(T) in the second case. Recently, the equation of Altunin 
and Gadetskii [6] became known, in whose approximation the values of Cp and the condition g'(T) = g"(T) 
were used in addition to the p - v - T  values. 

The expressions needed in (10)-(16) for data of diverse species are 

x z = ' q = l ~ l / ~ l ;  Y~=~z=r176  

for the p - v - T  data: 

fz = ~z/(c~ I) - -  1/co,; qlj (T, ~) = - d - ~  ' -~,  

for the enthalpy data: 

latm - - ? ~ " " -  v=vl ft = e l - -  q~id (l'~l) ~- •l Oqgid /(lt~l); 

qii (% ~) = ri-x~i-:t (~ _~ 1) - -  (1 ~ T) (] ~ 1) ri-2 [~i __ (__ 1)~']/i, 

for data of the isochoric specific heat: 

1. 

2. 
3. 

4. 

5. 

6. 

*~d ._ ] ~ / I ;  
f,. = - -  c o / c P c l P  c - -  t~z ate2 ~'=~'z 

q,j 0,  ~) = (i - -  1) (i - -  2) .~J-' [~ ( - -  ( - -  1)' ] / i ,  

for the condition g'(T)-g"(T): 

fz=ln ~ (~'s) ~ J]s [ I 1 l 
~o' ( ~ )  + . o ,  o;' (e~) co' (%)  

qij = "ds-l ( ~ ' ~  ~"z)/i" 

The subscript s is the saturation state. 

The expressions presented above are deduced from (4) by using the relations (5), (7), (8), and (9). 

The method described was used to derive a new equation of state for carbon dioxide. 
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